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Separation of Dirac equation in the 3 + 1 dimensional constant curvature black hole
background and its solution
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Kaushik Ghosh
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The behavior of spin-half particles is discussed in the 3 + 1-dimensional constant curvature black
hole (CCBH) spacetime. We use Schwarzschild-like coordinates, valid outside the black hole event
horizon. The constant time surfaces corresponding to the time-like Killing vector are degenerate
at the black hole event horizon and also along an axis. We write down the Dirac equation in this
spacetime using Newman-Penrose formalism which is not easily separable unlike that in the Kerr
metric. However, with a particular choice of basis system the equation is separable and we obtain
the solutions. We discuss the structural difference in the Dirac equation in the CCBH spacetime
with that in the Kerr geometry, due to difference in the corresponding spacetime metric, resulting
complexity arised in separation in the earlier case.
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I. INTRODUCTION
A new type of black hole solution has been found by Ban˜ados [1]. This solution results from an identification of space-
time points in the anti-de Sitter space and represents a higher dimensional generalization of the 2 + 1 dimensional
BTZ black hole [2]. This is a constant curvature black hole (CCBH) with a negative cosmological constant. The
corresponding spacetime geometry is R3 × S1. Unlike the BTZ black hole, the 3 + 1 dimensional black hole does
not have rotating solution and is dynamic. However Schwarzschild-like coordinates, valid outside the horizon, can be
found which covers a sub-manifold of the space time.
The scalar field solution in the 3 + 1 dimensional CCBH was discussed in [3] while studying their thermodynamic
behavior. On the other hand, the spinor field solution was studied extensively in black hole spacetimes over last three
decades by various authors including one of the present ones (e.g. [4, 5, 6, 7, 8, 9, 10, 11, 12]). These authors discussed
in detail the separability of the Dirac equation in black hole spacetimes and solutions. In the present article we study
the behavior of a spin-half field in the 3 + 1 dimensional CCBH spacetime. We use Newman-Penrose formalism to
establish the Dirac equation. It is found that in this background the Dirac equation is not easily separable, unlike the
situation in the Kerr geometry, unless we change the basis appropriately. This is, as we discuss in the following sections
in detail, due to very nature of the background geometry which is, by definition, quite different from conventional
black hole spacetimes.
The paper is organized as follows. In the next section we recall the 3 + 1 CCBH metric and describe its properties
briefly. In §III we calculate the basis vectors of null tetrad in this spacetime and write down the Dirac equation
following the Newman-Penrose formalism. We show that the set of equations is separable into radial and angular
part by defining new spinors obtained with a suitable combination of original spinors. Subsequently we discuss the
solutions in §IV. The section V is devoted in obtaining the effective potentials of spinors in the CCBH spacetime and
comparing with that in the Kerr geometry. We show that due to difference in structure of spacetime metric the Dirac
equation in the CCBH spacetime appears different than that in the Kerr geometry hindering its separation in regular
basis where particles are expressible as pure up and/or down spinors. Finally, we summarize our results in §VI.
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2II. DESCRIPTION OF THE 3 + 1 CCBH METRIC
The anti-de Sitter spacetime in 3+1 dimension is defined as the universal covering space of the hypersurface
− x20 + x21 + x22 + x23 − x24 = −l2, (1)
where l2 = −1/Λ, when Λ is the cosmological constant. The 3+1 dimensional CCBH is obtained by making identi-
fications in this space using an one dimensional subgroup of its isometry group SO(2,3). In the Kruskal coordinates
the metric for the 3+1 dimensional CCBH is given by [1],
ds2 =
l2(r + rh)
2
rh2
dyαdyβηαβ + r
2dφ2 (2)
where r is given by
r = rh
(1 + y2)
(1 − y2) (3)
and y2 = yαyβηαβ [ηαβ = diag(-1,1,1)], rh is the black hole horizon. The coordinate ranges are −∞ < yα < ∞ and
0 ≤ φ < 2π.
We introduce the local Schwarzschild-like coordinates (t, r, θ) in the 2+1 dimensional hyperplane yα as
y0 = α(r) cos θ sinh(
rht
l
)
y1 = α(r) cos θ cosh(
rht
l
)
y2 = α(r) sin θ (4)
where α(r) = [ (r−rh)(r+rh) ]
1
2 .
In these coordinates the metric becomes
ds2 =
l4f2(r)
r2h
[dθ2 − cos2 θ(dt/l)2] + dr
2
f2(r)
+ r2dφ2 (5)
where f(r) = (
r2−r2h
l2 )
1
2 . These coordinates are valid outside the horizon (r > rh) for −pi2 < θ < pi2 and 0 ≤ φ < 2π.
However in these coordinates only part of the space is covered (−1 < y2 < 1). It is clear that the foliation becomes
degenerate along the direction θ = −pi2 and θ = pi2 .
III. DIRAC EQUATION IN THE CCBH METRIC
In this section we will use the Newman-Penrose formalism [13] to write the Dirac equation in the above mentioned
constant curvature black hole spacetime. The Dirac equation in Newman-Penrose formalism can be written as [5]
σµAB′DµP
A + iµpQ¯
C′ǫC′B′ = 0, (6)
σµAB′DµQ
A + iµpP¯
C′ǫC′B′ = 0, (7)
where, for any vector Xi, according to the spinor formalism σ
i
AB′Xi = XAB′ , ǫC′B′ is the twodimensional Levi-Civita
tensor; A,B = 0, 1 and
DµP
A = ∂µPA + ΓAµνP
ν . (8)
Here we introduce a null tetrad (~l, ~n, ~m, ~¯m) to satisfy orthogonality relations, ~l.~n = 1, ~m.~¯m = −1 and ~l.~m = ~n.~m =
~l. ~¯m = ~n. ~¯m = 0 following Newman & Penrose [13]. 2
1
2µp is the mass of the Dirac particle. In terms of this new basis,
in Newman-Penrose formalism, the Pauli matrices can be written as [7]
3σµAB′ =
1√
2
(
lµ mµ
m¯µ nµ
)
. (9)
Now following previous works [7, 12], writing various spin coefficients by their named symbols [7], and choosing
P 0 = F1, P
1 = F2, Q¯
1′ = G1, Q¯
0 = −G2
we obtain
lµ∂µF1 + m¯
µ∂µF2 + (ǫ− ρ˜)F1 + (π − α)F2 = iµpG1, (10)
mµ∂µF1 + n
µ∂µF2 + (µ− γ)F2 + (β − τ)F1 = iµpG2, (11)
lµ∂µG2 −mµ∂µG1 + (ǫ∗ − ρ˜∗)G2 − (π∗ − α∗)G1 = iµpF2, (12)
nµ∂µG1 − m¯µ∂µG2 + (µ∗ − γ∗)G1 − (β∗ − τ∗)G2 = iµpF1. (13)
These are the Dirac equations in Newman-Penrose formalism in curved space-time in absence of electromagnetic
interaction. The corresponding equations in presence of electromagnetic interaction can be found in earlier works
(e.g. [11, 14, 15]).
Now we calculate the basis vectors of null tetrad in terms of elements of the CCBH metric given as
lµ =
(
rh
l cos θf2
, 1, 0, 0
)
, (14a)
nµ =
(
rh
2l cos θ
,−f
2
2
, 0, 0
)
, (14b)
mµ =
(
0, 0,
rh√
2l2f
,
i√
2r
)
, (14c)
m¯µ =
(
0, 0,
rh√
2l2f
,− i√
2r
)
(14d)
and
lµ =
(
l cos θ
rh
,− 1
f2
, 0, 0
)
, (15a)
nµ =
(
f2l cos θ
2rh
,
1
2
, 0, 0
)
, (15b)
mµ =
(
0, 0,− fl
2
√
2rh
,− ir√
2
)
, (15c)
m¯µ =
(
0, 0,− fl
2
√
2rh
,
ir√
2
)
. (15d)
4We also calculate the various spin coefficients as
ρ˜ = −1
2
(
∂rf
f
+
1
r
)
, β = 0, π = −rh tan θ
2
√
2l2f
, ǫ = 0,
τ =
rh tan θ
2
√
2l2f
, µ = −f
2
4
(
∂rf
f
+
1
r
)
, γ =
f∂rf
2
, α = 0. (16)
Now we consider the spin- 12 wave function as the form of e
i(σt+mφ)F (r, θ), where σ is the frequency of the incoming
wave and m is the azimuthal quantum number.
Thus using eqns. (14), (15), and (16), eqns. (10) to (13) reduce to[
iσrh
l cos θf
+ f∂r +
1
2
(
∂rf +
f
r
)]
F1 +
[
rh√
2l2
∂θ − rh tan θ
2
√
2l2
+
mf√
2r
]
F2 = iµpfG1, (17a)
[
irhσ
2l cos θ
− f
2
2
∂r − f
2
4
(
∂rf
f
+
1
r
)
− f∂rf
2
]
F2 +
1
f
[
rh√
2l2
∂θ − rh tan θ
2
√
2l2
− mf√
2r
]
F1 = iµpG2, (17b)
[
iσrh
l cos θf
+ f∂r +
1
2
(
∂rf +
f
r
)]
G2 −
[
rh√
2l2
∂θ − rh tan θ
2
√
2l2
− mf√
2r
]
G1 = iµpfF2, (17c)
[
irhσ
2l cos θ
− f
2
2
∂r − f
2
4
(
∂rf
f
+
1
r
)
− f∂rf
2
]
G1 − 1
f
[
rh√
2l2
∂θ − rh tan θ
2
√
2l2
+
mf√
2r
]
G2 = iµpF1. (17d)
Now we define
√
2F1
f
= f˜1, F2 = f2, G1 = g1, and
√
2G2
f
= −g˜2, (18)
and
D = f2
(
∂r +
1
2r
)
+
3
2
f∂rf, L = rh
l2
∂θ − rh tan θ
2l2
, (19)
and reduce eqns. (17a-d) to (
D + iσrh
l cos θ
)
f˜1 +
(
L+ mf
r
)
f2 = i
√
2µpfg1, (20a)
(
D − iσrh
l cos θ
)
f2 −
(
L− mf
r
)
f˜1 = i
√
2µpf g˜2, (20b)
(
D + iσrh
l cos θ
)
g˜2 +
(
L− mf
r
)
g1 = −i
√
2µpff2, (20c)
(
D − iσrh
l cos θ
)
g1 −
(
L+ mf
r
)
g˜2 = −i
√
2µpf f˜1. (20d)
We now follow the Chandrasekhar’s procedure [5, 7] which was generalised by Page [6], Carter and McLenaghan
[16]. The last two authors showed explicitly that the method consists of two steps. First, one has to replace the
original wave equation by a modified but equivalent one such that the operator gets split up into radial and angular
part which commute each other. Second, making use of the explicit form of the modified operators, one has to
factorize the components of the spinor into pairs of single variable, one of r and other of θ, interdependent functions
obeying a system of ordinary differential equations involving a separation constant λ. Hence, the radial and angular
5operators also commute with the total wave operator transformed from the original one. This implies the existence
of a conserved current associated with each solution of the equation.
Carter and McLenaghan [16] showed, with the use of Penrose-Floyd tensor [17], that occurrence of type of operators
mentioned above arises in presence of an appropriate Killing spinor field in the spacetime under consideration. The
existence of a Killing spinor, KCD, was demonstrated earlier [18] in any type-D vacuum spacetime of a second order
symmetric two-spinor satisfying
∇A′(BKCD) = 0, (21)
when the latin indices run from 0 to 1, parenthesis indicates symmetrization over the indices within, and the primed
spinors transform under the conjugate of the transformation from the unprimed ones in a Lorentz transformation. The
solution of above equation is a conformal Killing spinor, since it describes a constant motion along the null geodesic.
On the other hand, constants of all the Kinnersley type-D vacuum solutions can be derived from separability of the
null geodesic Hamilton-Jacobi equation [16]. It is therefore appropriate to demand the symmetric two-spinor to satisfy
∇A′CKCB + ∇¯BC′K¯C
′
A′ = 0. (22)
This later condition was understood more clearly by the Penrose-Floyd tensor (see [16] and [17] for details),
fµν ↔ ǫ¯A′B′KAB + ǫABK¯A′B′ , (23)
satisfying
fµ(ν;δ) = 0. (24)
We find that defining Ψ1 = f˜1 + f2, Ψ2 = f2 − f˜1, Ψ3 = g1 + g˜2 and Ψ4 = g1 − g˜2 and combining eqns. (20a-d) we
obtain (
D + mf
r
)
Ψ1 +
(
L − iσrh
l cos θ
)
Ψ2 = i
√
2µpfΨ3, (25a)
(
D − mf
r
)
Ψ2 −
(
L+ iσrh
l cos θ
)
Ψ1 = −i
√
2µpfΨ4, (25b)
(
D − mf
r
)
Ψ3 +
(
L− iσrh
l cos θ
)
Ψ4 = −i
√
2µpfΨ1, (25c)
(
D + mf
r
)
Ψ4 −
(
L+ iσrh
l cos θ
)
Ψ3 = i
√
2µpfΨ2 (25d)
what satisfy all the above conditions to separate them into radial and angular operators allowing to follow the
procedure by Chandrasekhar [7] generalized by Carter and McLenaghan [16] described above.
Now defining Ψ1 = R−(r)S−(θ), Ψ2 = R+(r)S+(θ), Ψ3 = R+(r)S−(θ) and Ψ4 = R−(r)S+(θ) we separate the set
of equations into radial and angular parts given by(
D + mf
r
)
R− − i
√
2µpfR+ = λ1R+;
(
L− iσrh
l cos θ
)
S+ = −λ1S−, (26a)
(
D − mf
r
)
R+ + i
√
2µpfR− = λ2R−;
(
L+ iσrh
l cos θ
)
S− = λ2S+, (26b)
(
D − mf
r
)
R+ + i
√
2µpfR− = λ3R−;
(
L − iσrh
l cos θ
)
S+ = −λ3S−, (26c)
(
D + mf
r
)
R− − i
√
2µpfR+ = λ4R+;
(
L+ iσrh
l cos θ
)
S− = λ4S+. (26d)
6From the radial part of eqns. (26a-d) it is clear that for unique solution λ4 = λ1 and λ3 = λ2. Thus further eqns.
(26a-d) reduce to (
D + mf
r
)
R− =
(
λ1 + i
√
2µpf
)
R+;
(
D − mf
r
)
R+ =
(
λ2 − i
√
2µpf
)
R−, (27a)
(
D − mf
r
)
R+ =
(
λ2 − i
√
2µpf
)
R−;
(
D + mf
r
)
R− =
(
λ1 + i
√
2µpf
)
R+, (27b)
(
L− iσrh
l cos θ
)
S+ = −λ1S−;
(
L+ iσrh
l cos θ
)
S− = λ2S+, (27c)
(
L− iσrh
l cos θ
)
S+ = −λ2S−;
(
L+ iσrh
l cos θ
)
S− = λ1S+. (27d)
If we choose λ1 = λ2 = λ and rename
D + mf
r
→ D†; D − mf
r
→ D (28a)
and
L+ iσrh
l cos θ
→ L†; L− iσrh
l cos θ
→ L, (28b)
then eqns. (27a-d) reduce to
DR+ =
(
λ− i
√
2µpf
)
R−; D†R− =
(
λ+ i
√
2µpf
)
R+, (29)
LS+ = −λS−; L†S− = λS+. (30)
The eqns. (29-30) are the separated set of Dirac equation, where D†, D and L†, L act as creation and annihilation
operators for radial and angular functions respectively. For comparison, one may check the corresponding equations
in the Kerr geometry [7, 10] given below in eqns. (47) and (48).
IV. SOLUTION FOR THE ANGULAR AND RADIAL DIRAC EQUATION
The angular equation for S+ is given by
∂θ
2S+ − tan θ ∂θS+ +
[
ν(ν + 1)− n
2 − 2nµ sin θ + µ2
cos2θ
]
S+ = 0 (31)
where n = 1/2, µ = −iσl and ν(ν + 1) = l4λ2rh2 − 1/4. Following previous works [19, 20], the solution of eqn. (31) is
given by
S+(x)→
(1− x
2
)n−µ
2
(1 + x
2
)n+µ
2 F (a, b, c;
1− x
2
) (32)
where
a = −ν + 1
2
[(n− µ) + (n+ µ)],
b = ν + 1 +
1
2
[(n− µ) + (n+ µ)],
7c = (n− µ) + 1,
x = cos θ. (33)
This solution is well-behaved throughout the interval −pi2 < θ < pi2 [21], the range of θ where the coordinate system
is valid outside of the black hole. The solution for S− is similar to S+ with µ replaced by −µ.
The radial equation for R+ is given by,
f2(r)∂r(f
2∂rR+) + f
2(r)∂r([g(r)− h(r)]R+) + f2(r)[g(r) + h(r)]∂rR+ + [g2(r) − h2(r)]R+
−(λ2 + 2µ2pf2)R+ +
i
√
2µpf
2∂rf
λ− i√2µpf
(f2∂r + g − h)R+ = 0 (34)
where g(r) = f
2(r)
2r +
3
2f(r)∂rf(r) and h(r) =
mf(r)
r . The wave function R−(r) satisfies an equation similar to that of
R+(r) with h(r) replaced by −h(r).
For r →∞, the radial equations for R+ and R− both reduce to
[∂2r +
5
r
∂r +
4
r2
− (λ2 + 2µ2pf2)
l4
r4
]R± = 0, (35)
keeping leading order terms which gives (
∂2r +
5
r
∂r +
4− 2µ2pl2
r2
)
R± = 0. (36)
Choosing z = − 14r4 , this reduces to (
z2∂2z +
2− µ2pl2
8
)
R± = 0 (37)
whose solution is
R± → z1/2+s, z1/2−s, (38)
where s =
µpl
2
√
2
. Therefore, the general solutions are R+ = Az
1/2+s + Bz1/2−s and R− = Cz1/2+s +Dz1/2−s when
A,B,C,D are arbitrary constants. Hence for r →∞, |R+| and |R−| (as well as |R+|2 and |R−|2) both decay to zero
provided µpl <
√
2. It also follows from eqns. (36-38) that asymptotically the first derivatives of R+ and R− should
reduce to zero and thus the asymptotic solutions for R+ and R− are same with A = C and B = D [23]. Now once
we know S± and R±, we can obtain original components of spinor by combining them as
f˜1 =
S−R− − S+R+
2
→ r−2∓4sF
(
a, b, c;
1− x
2
)[(
1− x
2
)n+µ
2
(
1 + x
2
)n−µ
2
−
(
1− x
2
)n−µ
2
(
1 + x
2
)n+µ
2
]
(39)
for r →∞. Similarly, other components f2, g1, g˜2 can be obtained.
V. EFFECTIVE POTENTIALS OF R± FIELDS AND COMPARISON WITH POTENTIALS OF
SIMILAR FIELDS IN THE KERR GEOMETRY
A. Effective potentials of R±
Let us define
f2dy = dr
8such that the eqn. (34) reduces to[
∂2y +
(
2g +
i
√
2µp(∂yf)
λ− i√2µpf
)
∂y +
(
g2 − h2 + ∂y(g − h)− (λ2 + 2µ2pf2) +
i
√
2µp(∂yf)
λ− i√2µpf
(g − h)
)]
R+ = 0. (40)
Defining further
u =
∫
λ− i√2µpf
rf3
dy =
λl5
3r5h
(
3r2rh − 4r3h
l3f3
− 3 tan−1
(
rh
lf
))
+
i
√
2µpl
4
2r4h
(
r2h
l2f2
+ 2 log
(
lf
r
))
(41)
eqn. (40) reduces to (
∂2
∂u2
+ V+
)
R+ = 0 (42)
where the effective potential
V+ =
(
g2 − h2 + ∂y(g − h)− (λ2 + 2µ2pf2) +
i
√
2µp(∂yf)
λ− i√2µpf
(g − h)
)
r2f6
(λ − i√2µpf)2
. (43)
Similarly the potential V− for R− can be obtained which is same as V+ except h(r) replaced by −h(r). Figure 1
describes behavior of V+ in the complex plane of u for two values of cosmological constant Λ = −1/l2. In Fig. 2,
we show V+ for massless fermion. It is found that close to the black hole horizon when Re(u) → −∞ (and r → rh)
the potential barrier vanishes, while at far away it diverges when Re(u) → 0 (and r → ∞). This assures that the
radial solution vanishes asymptotically what we indeed show in eqns. (37)-(39). Behavior of V− is very similar to V+.
Note that for all the figures we choose the separation constant λ = 1. In principle λ should have computed explicitly,
especially from the angular Dirac equation, which might have been different than unity. However, this does not affect
the qualitative feature of V± and thus we keep the exact computation of λ as a future mission.
B. Effective potentials in the Kerr geometry
First of all let us recall the Dirac equation in Kerr geometry [7]
D0f1 + 2−1/2L1/2f2 = (iµ∗r + aµ∗ cos θ)g1, (44a)
∆D†1/2f2 − 21/2L†1/2f1 = −2(iµ∗r + aµ∗ cos θ)g2, (44b)
D0g2 − 2−1/2L†1/2g1 = (iµ∗r − aµ∗ cos θ)f2, (44c)
∆D†1/2g1 + 21/2L1/2g2 = −2(iµ∗r − aµ∗ cos θ)f1, (44d)
where f1, f2, g1, g2 are components of spinor and
Dn = ∂r + iK
∆
+ 2n
r −M
∆
, (45a)
D†n = ∂r −
iK
∆
+ 2n
r −M
∆
, (45b)
Ln = ∂θ +Q+ ncotθ, (46a)
L†n = ∂θ −Q+ ncotθ, (46b)
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FIG. 1: Variation of effective potential, (a) real part of V+, (b) imaginary part of V+, in the complex plane of u for l = 3 (solid
curve), 1 (dashed curve). Other parameters are M = 1, rh = l, m = 1/2, µp = 1.
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FIG. 2: Variation of V+ for massless fermion as a function of (a) u, (b) r, for l = 3 (solid curve), 1 (dashed curve). Other
parameters are M = 1, rh = l, m = 1/2.
with K = (r2 + a2)σ+ am, Q = aσsinθ+mcosecθ. We follow the usual convention for various notations (see e.g. [7])
which we do not repeat here. If one compares this set of equations with the corresponding eqns. (20a-d) obtained
for the CCBH spacetime, then it is easy to understand that there are differences in structure of equations. While in
the CCBH background the angular and radial functions are coupled with respectively radial and angular operators,
in the Kerr metric they are completely decoupled due to very nature of the spacetime. Therefore, after choosing
f1(r, θ) = R−1/2(r)S−1/2(θ), f2(r, θ) = R1/2(r)S1/2(θ), g1(r, θ) = R1/2(r)S−1/2(θ), g2(r, θ) = R−1/2(r)S1/2(θ), the
11
Dirac equation in Kerr geometry can easily be separated into radial and angular part given by [5, 7, 10]
∆
1
2D0R− 1
2
= (–λ+ impr)∆
1
2R+ 1
2
, (47a)
∆
1
2D†0∆
1
2R+ 1
2
= (–λ− impr)R− 1
2
, (47b)
L 1
2
S+ 1
2
= −(–λ− amp cos θ)S− 1
2
, (48a)
L†1
2
S− 1
2
= +(–λ+ amp cos θ)S+ 1
2
, (48b)
where mp = 2
1/2µ∗ is the mass of the particle, –λ is the separation constant and 21/2R−1/2 is redefined as R−1/2.
However, this is not obvious in the CCBH geometry. In this case, we change the basis by combining the basic
spinors and obtain eqns. (25a-d) which are mathematically analogous to the set of eqns. (44a-d). Now as Ψ-s in eqns.
(25a-d) are linear combination of spinors rather than the spinors itself, we are not able to separate the equations
for radial and angular spinors, R±1/2(r) and S±1/2(θ), as could do in the Kerr spacetime. However, we obtain the
separated radial and angular equations for spinors in new basis given by eqns. (29)-(30).
In the Kerr geometry we change the independent variable r to r∗ such that
r∗ = r +
2Mr+ + am/σ
r+ − r− log
(
r
r+
− 1
)
− 2Mr− + am/σ
r+ − r− log
(
r
r−
− 1
)
(49)
and choose R− 1
2
= P− 1
2
, ∆
1
2R+ 1
2
= P+ 1
2
. Then by defining
(–λ± impr) = exp(±iθ)
√
–λ2 +m2pr
2, tan θ =
mpr
–λ
, (51)
P± 1
2
= ψ± 1
2
exp
[
∓1
2
i tan−1
(
mpr
–λ
)]
, (50)
Z± = ψ+ 1
2
± ψ− 1
2
(52)
and combining the eqns. (47a-b) we obtain [7, 10, 22],(
d
drˆ∗
−W
)
Z+ = iσZ−, (53a)
and (
d
drˆ∗
+W
)
Z− = iσZ+, (53b)
where,
rˆ∗ = r∗ +
1
2σ
tan−1
(
mpr
–λ
)
, (54)
W =
∆
1
2 (–λ2 +m2pr
2)3/2
ω2(–λ2 +m2pr
2) + –λmp∆/2σ
, ω2 =
K
σ
. (55)
Physically the radial eqns. (53a-b) are similar to the set of eqns. (29) obtained for the CCBH metric, except
the independent variable rˆ∗ is Cartesian like while r is the radius vector of polar coordinate system. Either set is
describing the spinor fields not in the original basis but in the transformed one like the linear combination of original
ones. Decoupling eqns. (53a-b) we obtain (
d2
drˆ∗
2 + σ
2
)
Z± = Vk±Z±, (56)
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where
Vk± =W 2 ± dW
drˆ∗
=
∆
1
2 (–λ2 +m2pr
2)3/2
[ω2(–λ2 +m2pr
2) + –λmp∆/2σ]2
[∆
1
2 (–λ2 +m2pr
2)3/2 ± ((r −M)(–λ2 +m2pr2) + 3m2pr∆)]
∓ ∆
3
2 (–λ2 +m2pr
2)5/2
[ω2(–λ2 +m2pr
2) + –λmp∆/2σ]3
[2r(–λ2 +m2pr
2) + 2m2pω
2r + –λmp(r −M)/σ] (57)
which carries similar information as eqn. (42) does for R+. Now if we compare eqns. (53a-b), which generate Vk+ in
eqn. (57), with eqns. (29) generating V+ in eqn. (42), then the difference is obvious. Hence, the effective potential V±
for R± fields in the CCBH spacetime come out to be different (which are complex functions) than Vk± for Z± fields
in the Kerr spacetime. Note that unlike V+ described in Figs. 1, 2, Vk± attain a finite value at rˆ∗ → −∞ (close to
the black hole horizon) and ∞ [7, 10]. In addition, by the very nature of spacetime and corresponding construction
one can obtain the original spinors R±1/2 from Z±. However, there is no obvious way to obtain original spinors in
the CCBH spacetime from R±, what one needs to define for the sake of separation, which is understood from eqns.
(20), (25), (28) as described before.
VI. SUMMARY
We have considered the spin-half fermion field in the 3 + 1-dimensional CCBH background. The Dirac equation
is obtained by using the Newman-Penrose formalism. We show that the Dirac equation is separable only with the
change of basis. The new spinors are linear combination of original spinors giving rise to the Dirac equation separable
into radial and angular parts. We obtain the corresponding solutions. We discuss the difference in the Dirac equation
in the CCBH spacetime with that in the Kerr geometry recalling the geometrical conditions to be satisfied to separate
them out [16]. We show that the structure of equations in the earlier case is different than the later one (due to
difference in structure of the spacetimes) leading to a different separation and solution procedure. Now one can
consider the Dirac equation solution in the CCBH spacetime to study the thermodynamical properties of spinor field
as was done earlier for scalar field [3].
Note that the coordinate system used in the text does not cover the entire manifold outside the horizon completely.
There are other foliations which cover the outside horizon region completely [24]. However in this foliation the metric
becomes explicitly time dependent.
[1] M. Ban˜ados, Phys. Rev. D 57, 1068 (1998)
[2] M. Ban˜ados, M. Henneaux, C. Teiltelboim and J. Zanelli, Phys. Rev. D 48, 1506 (1993)
[3] K. Ghosh, Phys. Rev. D 60, 104003 (1999)
[4] S. A. Teukolsky, Phys. Rev. Lett. 29, 1114 (1972).
[5] S. Chandrasekhar, Proc. R. Soc. Lond. A 349, 1 (1976).
[6] D. N. Page, Phys. Rev. D 14, 1509 (1976).
[7] S. Chandrasekhar, in The Mathematical Theory Of Black Holes (London: Clarendon Press, 1983).
[8] J. Guven, and D. Nunez, Phys. Rev. D 42, 2577 (1990).
[9] B. Mukhopadhyay, and S. K. Chakrabarti, Class. Quantum Grav. 16, 3165 (1999).
[10] B. Mukhopadhyay, and S. K. Chakrabarti, Nucl. Phys. B 582, 627 (2000).
[11] B. Mukhopadhyay, and N. Dadhich, Class. Quantum Grav. 21, 3621 (2004).
[12] B. Mukhopadhyay, Class. Quantum Grav. 17, 2017 (2000).
[13] E. Newman, and R. Penrose, J. Math. Phys. 3, 566 (1962).
[14] R. Penrose, and W. Rindler, in Spinors and Space-Time (Cambridge University Prss, 1986).
[15] D. Ha¨fner, and J.-P. Nicolas, Rev. Math. Phys. 16, 29 (2004).
[16] B. Carter, and R. G. McLenaghan, Phys. Rev. D 19, 1093 (1979).
[17] R. Penrose, Ann. N. Y. Acad. Sci. 224, 125 (1973).
[18] M. Walker, and R. Penrose, Commun. Math. Phys. 18, 265 (1970).
[19] I. I. Cotaescu and M. Visinescu, Mod. Phys. Lett. A 15, 145, (2000).
13
[20] K. Ghosh, Phys. Rev. D 67, 124027, (2003).
[21] I. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals Series and Products (Academic, New York, 1965).
[22] B. Mukhopadhyay, Ind. J. Phys. B73, 855 (1999); gr-qc/9910018.
[23] S. J. Avis, C. J. Isham, and D. Storey, Phys. Rev. D 18, 3565 (1978).
[24] S. Holst and P. Peldan, Class. Quantum Grav. 14, 3433 (1997).
